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We consider the self-interaction phenomenon in the framework of the Bopp-Podolsky electrody-
namics. In the present paper, we obtain the self-interaction potential energy of a charge at rest
for the spacetimes with topological defects of two types: for the axially symmetric spacetime of
the straight cosmic string and the spherically symmetric global monopole spacetime. It is shown
that the behavior of this expression depends essentially on the angular defect, in spite of the Bopp-
Podolsky model parameter, which plays the role of a scale factor. In contrast with the usual Maxwell
electrodynamics, the self-interaction energy for the Bopp-Podolsky electrodynamics appears to be
finite everywhere and the standard renormalization procedure is not required.
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I. INTRODUCTION
For the case of the flat spacetime, the phenomenon
of self-interaction for electric charges has been thor-
oughly elaborated and described in detail (see, e.g.,
textbooks [1–3]). Based on the symmetry properties
of the Minkowski spacetime it is evident to see that
the self-force acting on a charge q both at rest and in
uniform motion has to be equal to zero. A nontrivial
result can appear, only when a particle moves nonuni-
formly. In this case, the self-force fsf is defined by the
well-known Abraham-Lorentz-Dirac formula
f isf =
2q2
3
u¨k
(
δik − uiuk
)
. (1)
In curved spacetimes and/or in spacetimes with a non-
trivial topological structure the situation becomes more
sophisticated and therefore more interesting, since even
for a static electric charge the self-force can be nonvan-
ishing (see, e.g., [4]).
As it is well-known, the derivation of the expres-
sion for the self-force in the Maxwell electrodynamics
is inseparably linked with some kind of regularization
procedure for the energy of interaction between a charge
and its electromagnetic field [1–3]. However, if we will
use a suitable modification of the Maxwell theory, the
problem with divergences and renormalization can be
eliminated. Among these generalizations one can mark
out two of the most famous: the Born-Infeld model [5]
and the Bopp-Podolsky model [6, 7]. In contrast to
the Born-Infeld model (behavior of the fields near the
worldline and the self-force problem were discussed in
[8]), which is a nonlinear one, the second model sug-
gested by Fritz Bopp and Boris Podolsky inherits lin-
earity, but contains an additional high-derivative term
− 18piµ2 ∇iF im∇kFkm (a factor 1/µ2 is a parameter of
the model with the dimensionality of area).
In the framework of the Bopp-Podolsky (or BP for
short) electrodynamics, the potential of resting point
charge and its field energy appear to be finite, at least
in the Minkowski spacetime [6, 7, 9]. Moreover, as it
∗Electronic address: Alexei.Zayats@kpfu.ru
was proved in [10], even if the charge moves, there is
a wide class of worldlines in the flat space for which
the potential is finite (the case of uniformly accelerated
motion was earlier discussed in [11]).
This remarkable feature of the BP model permits
us to believe that the self-interaction energy expression
will be regular for the static point charge in curved
spacetimes as well. In order to state this assumption,
in the present paper we consider two specific examples
of non-Minkowski spacetime, which admit the deriva-
tion of the energy formula by direct calculation. Both
of these spacetimes possess topological defects. The
first example is the static axially symmetric spacetime
of a straight cosmic string [12]. The second spacetime
has the spherical symmetry and corresponds to a global
gravitating monopole [13]. For both configurations, the
self-interaction energy will be found explicitly and its
behavior depending on the distance and the BP model
parameter µ will be studied in detail. In addition, we
will demonstrate explicitly that all obtained expressions
are regular and a renormalization procedure is not re-
quired.
This paper is organized as follows. In Sect. II,
we briefly formulate a general formalism of the Bopp-
Podolsky electrodynamics and derive basic formulas for
the self-interaction energy in the static case. In Sect. III
and IV, we obtain expressions for the energy when a
charge is at rest in the cosmic string spacetime and the
global monopole spacetime, respectively. Sect. V is for
conclusion.
II. BOPP-PODOLSKY ELECTRODYNAMICS
A. Basic formalism
The formalism of BP electrodynamics starts from
the Lagrangian
LBP = 1
16pi
FikF
ik − 1
8piµ2
∇iF im∇kFkm +Aiji , (2)
where Ai is the electromagnetic field potential, Fik =
∇iAk − ∇kAi is the Maxwell tensor, ∇i denotes the
covariant derivative, and ji is the current density. The
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2variation procedure with respect to the potentials Ai
gives the electromagnetic field equation
∇m
(
Fmi +
1
µ2
Gmi
)
= 4piji ,
Gmn ≡ ∇m∇kFkn −∇n∇kFkm. (3)
It is easy to see the BP Lagrangian (2) and the BP
equation (3) reduce to the standard Maxwellian form
when µ→∞.
Solutions of the fourth-order equations (3) can be
written as a difference between A
(0)
i and A
(µ)
i (see [6]),
An = A
(0)
n −A(µ)n ,
where the first term is a solution to the Maxwell equa-
tion, while the second one obeys the Proca equation
with the same current density:
∇mF (0)mn = 4pijn, (4)
∇mF (µ)mn + µ2A(µ)n = 4pijn. (5)
Thus, Eq. (3) splits into two second-order equations de-
scribing, correspondingly, massless and massive (with
the mass µ) vector fields. In this sense, the BP model
has a close relationship with the Pauli-Villars regular-
ization procedure (see, e.g., [14]) and Lee-Wick model
[15] (see also the recent papers [16]).
The electromagnetic field energy-momentum ten-
sor derived by the variation with respect to the metric
from the action with the Lagrangian (2) of this model
takes the form
TBPik =
1
4pi
(
1
4
FmnF
mngik − FimFkm
)
+
1
4piµ2
(
1
2
gik∇pF pm∇qFqm −∇mFmi∇nFnk
+
1
2
GmnF
mngik −GimFkm −GkmFim
)
. (6)
When the potential Ai satisfies the BP model equation
(3), the energy-momentum tensor is also splitting into
two parts: TBPik = T
(0)
ik − T (µ)ik , where the first one,
T
(0)
ik =
1
4pi
(
1
4
F (0)mnF
mn(0)gik − F (0)im Fkm(0)
)
,
corresponds to the massless vector field A
(0)
i , and the
second one,
T
(µ)
ik =
1
4pi
(
1
4
F (µ)mnF
mn(µ)gik − F (µ)im Fkm(µ)
+ µ2
[
A
(µ)
i A
(µ)
k −
1
2
gikA
(µ)
m A
m(µ)
])
, (7)
is the energy-momentum tensor of the Proca-type mas-
sive field A
(µ)
i . This field has a negative energy and
therefore it can be interpreted as a phantom one.
B. Static point electric charge field in the
Minkowski spacetime
When the particle is at rest, its current density is
j k = q δk0δ(r− rc), (8)
where q is a charge of the particle, δ(x) is the Dirac
delta function, rc denotes a radius-vector of a charge
position, and the field potential in the framework of the
BP electrodynamics [6, 7, 9] takes the form
A0 =
q
|r− rc| (1− e
−µ|r−rc|) . (9)
For µ|r−rc|  1 this formula turns into the well-known
expression for the Coulomb electrostatic potential, but
at the origin it has no singularity, lim
r→rc
A0 = µq. The
energy of the electrostatic field (9) in the BP model is
also finite and expressed by the formula
U0 =
∫
dV T00 =
1
2
µ q2. (10)
C. Self-force
Since in the BP model the expression of the point
charge field potential is free from a singularity at the
origin, in order to derive a formula for the self-force f isf ,
we could write down directly
f isf = qF
ikuk, (11)
where F ik is the Maxwell tensor of the electromagnetic
field produced by the moving particle, and uk is its ve-
locity vector, and both quantities have to be calculated
at the present position of the charged particle.
However, for the static field potential (9) in the
Minkowski spacetime, when r→ rc we have
Fi0 ∝ x
i − xic
|r− rc| . (12)
It is easy to see that the strength tensor field (12) has a
hedgehog-like singularity at the point of charge. There-
fore, in order to calculate the force acting on the charge
we should average the expression (12) over a solid an-
gle. After this procedure we come to the predictable
result: for the static charge in the Minkowski space-
time f isf = 0. So, when we use the formula (11), the
mentioned procedure of averaging should be always im-
plied.
On the other hand, the expression (11) can be
rewritten in the static case (ui = u0δi0) as follows
f sfi = q lim
r→rc
∂i
(
A
(0)
0 −A(µ)0
)
u0
= 4piq2 lim
r→rc
∂i
(
G(0)(r, rc)−G(µ)(r, rc)
)
u0, (13)
where G(0)(r, rc) and G
(µ)(r, rc) are the three-
dimensional Green functions for Eqs. (4) and (5), re-
spectively. Since, due to the reciprocity principle, the
Green functions are symmetric with respect to the per-
mutation of their arguments,
G(0)(r, rc) = G
(0)(rc, r), G
(µ)(r, rc) = G
(µ)(rc, r),
(14)
the formula (13) can be transformed into
f sfi = lim
r→rc
∂iU, (15)
U = 2piq2
(
G(0)(r, r)−G(µ)(r, r)
)
u0, (16)
3where the quantity U plays the role of the self-
interaction potential energy. Mention that calculation
of the self-interaction energy for the static point charge
in the Minkowski spacetime (u0 = 1) yields
U = lim
r→rc
qA0
2
=
µq2
2
, (17)
and therefore f isf = 0. It means that the second ap-
proach implies the averaging procedure automatically.
III. SELF-INTERACTION ON A CURVED
SPACETIME BACKGROUND: AXIAL
SYMMETRY
A. General approach
For the sake of simplicity, let us consider a static
axially symmetric spacetime, the metric of which takes
the form
ds2 = dt2 − dρ2 −R(ρ)2dϕ2 − dz2. (18)
Here ρ ∈ [0; +∞) is a radial coordinate, ϕ ∈ [0; 2pi]
is an azimuthal angle, and R(ρ) is a unique unknown
function, which will be defined later.
We will assume that a static charge is located at
the point (ρc, ϕc, zc) of this spacetime. The Green func-
tions G(0)(r, rc) and G
(µ)(r, rc) obey the equations
4G(0)(r, rc) = − 1
R(ρ)
δ(ρ−ρc)δ(ϕ−ϕc)δ(z−zc), (19)
4G(µ)(r, rc)− µ2G(µ)(r, rc)
= − 1
R(ρ)
δ(ρ− ρc)δ(ϕ− ϕc)δ(z − zc),
(20)
where 4 is the Laplace operator relating to the space-
time with the metric (18):
4Φ = 1
R
∂ρ(R∂ρΦ) +
1
R2
∂2ϕϕΦ + ∂
2
zzΦ. (21)
The solutions to Eqs. (19), (20) can be represented as
follows (see, e.g., [1], p. 125)
G(0)(r, rc) =
=
1
2pi2
∞∫
0
dτ
∞∑
n=−∞
ein(ϕ−ϕc) cos (τ (z − zc)) g(0)nτ (ρ, ρc),
(22)
G(µ)(r, rc) =
=
1
2pi2
∞∫
0
dτ
∞∑
n=−∞
ein(ϕ−ϕc) cos (τ (z − zc)) g(µ)nτ (ρ, ρc),
(23)
where the radial Green functions g
(0)
nτ and g
(µ)
nτ satisfy
the equations
g(0)nτ
′′
+
R′
R
g(0)nτ
′ −
(
τ2 +
n2
R2
)
g(0)nτ = −
δ(ρ− ρc)
R
,
(24)
g(µ)nτ
′′
+
R′
R
g(µ)nτ
′ −
(
τ2 + µ2 +
n2
R2
)
g(µ)nτ
= −δ(ρ− ρc)
R
, (25)
respectively, and the prime denotes the derivative with
respect to ρ. These functions can be written in the
following form (for g
(0)
nτ we should put µ = 0),
g(µ)nτ (ρ, ρc) =
{
y
1(µ)
nτ (ρ)y
2(µ)
nτ (ρc), ρ < ρc,
y
1(µ)
nτ (ρc)y
2(µ)
nτ (ρ), ρ > ρc,
(26)
where y
1(µ)
nτ (ρ) and y
2(µ)
nτ (ρ) are the solutions of the cor-
responding homogeneous equation
y′′nτ +
R′
R
y′nτ −
(
τ2 + µ2 +
n2
R2
)
ynτ = 0, (27)
which are regular at ρ = 0 and at ρ = ∞, respectively,
and normalized by their Wronskian,
W
(
y1(µ)nτ (ρ), y
2(µ)
nτ (ρ)
)
= − 1
R(ρ)
. (28)
Now, to derive the formula for the self-interaction
energy we can apply Eq. (16). Since u0 = 1 for the
metric (18), in the limit case r → rc (i.e., ρ → ρc,
ϕ→ ϕc, z → zc), we obtain
U(ρc) =
q2
pi
∞∫
0
dτ
∞∑
n=−∞
(
y1(0)nτ (ρc)y
2(0)
nτ (ρc)
− y1(µ)nτ (ρc)y2(µ)nτ (ρc)
)
. (29)
Obviously, this function depends only on the radial co-
ordinate of the charge position ρc.
B. Cosmic string spacetime
For further progress we should fix the metric func-
tion R(ρ). As an example, we consider the spacetime
of a straight infinitely thin cosmic string, for which
R(ρ) = bρ, (30)
where b is a positive parameter related to a linear mass
density of a string. When b < 1 the density is positive,
when b > 1 it is negative, and in the case b = 1 we deal
with the standard Minkowski spacetime. From a space-
time geometry point of view, this parameter specifies
the quantity of the spacetime angular defect.
A set of solutions to the homogeneous equation
(27), regular at ρ = 0 (y
1(0)
nτ and y
1(µ)
nτ ) or at ρ = ∞
4(y
2(0)
nτ and y
2(µ)
nτ ), and satisfying the condition (28) takes
the form
y1(0)nτ (ρ) =
I|n|/b(τρ)√
b
, (31)
y1(µ)nτ (ρ) =
I|n|/b(
√
τ2 + µ2 · ρ)√
b
, (32)
y2(0)nτ (ρ) =
K|n|/b(τρ)√
b
, (33)
y2(µ)nτ (ρ) =
K|n|/b(
√
τ2 + µ2 · ρ)√
b
, (34)
where Iν(x) and Kν(x) are the modified Bessel functions
of the first and second kind, respectively. Substituting
these expressions into (29), we obtain
U(ρ) =
q2
pib
∞∫
0
dτ
∞∑
n=−∞
{
I|n|/b(τρ) K|n|/b(τρ)
− I|n|/b(
√
τ2 + µ2 · ρ) K|n|/b(
√
τ2 + µ2 · ρ)
}
.
(35)
In order to reduce this formula, as the first step, we
apply the integral representation for the product of the
Bessel functions (see [17]),
Iν(z)Kν(z) =
∞∫
0
dx e−2νxJ0(2z sinhx), (36)
where Jν(x) is the Bessel function, with the identity
∞∑
n=−∞
e−2|n|x/b = coth
x
b
and evaluate the series:
∞∑
n=−∞
{
I|n|/b(τρ) K|n|/b(τρ)
− I|n|/b(
√
τ2 + µ2 · ρ) K|n|/b(
√
τ2 + µ2 · ρ)
}
=
∞∫
0
dx {J0(2τρ sinhx)
− J0(2
√
τ2 + µ2 · ρ sinhx)
}
coth
x
b
. (37)
The swapping integration and summation in (37) is pos-
sible, because if τ 6= 0 the integral ∫∞
0
dxfn(x) and the
series
∑
n fn(x), where
fn(x) = e
−2|n|x/b {J0(2τρ sinhx)
−J0(2
√
τ2 + µ2 · ρ sinhx)
}
,
converge uniformly. Since the Bessel function J0(x) at
the origin behaves as J0(x) ≈ 1−x2/4, the integrand in
the right-hand side of (37) is finite when x → 0. Now
we can integrate this expression over τ . As a result, we
obtain
U(ρ) =
U0
piµρb
∞∫
0
dx coth
x
b
· 1− cos(2µρ sinhx)
sinhx
, (38)
where U0 = µq
2/2 is the charge field energy for the
Minkowski spacetime (10), i.e., when b = 1.
It is worth noting that in Eq. (38) we have inter-
changed the order of integration∫ ∞
0
dτ
∫ ∞
0
dxF (τ, x) =
∫ ∞
0
dx
∫ ∞
0
dτF (τ, x),
where
F (τ, x) =
{
J0(2τρ sinhx)− J0(2
√
τ2 + µ2 · ρ sinhx)
}
× coth x
b
.
To justify this transformation, let us consider, firstly,
the case when both lower limits are nonzero. The swap-
ping
∫∞
A
dτ
∫∞
B
dx =
∫∞
B
dx
∫∞
A
dτ is allowed, because
the integrals
∫∞
A
dτF (τ, x) and
∫∞
B
dxF (τ, x) converge
uniformly for x > B > 0 and τ > A > 0, respec-
tively. Second, since at x → 0 we have F (τ, x) ≈
µ2ρ2bx > 0, there exists a region in the vicinity of the
origin (say, x ∈ [0, B]), where the function F (τ, x) is
nonnegative. Due to a theorem from [18] the swap-
ping
∫∞
0
dτ
∫ B
0
dx =
∫ B
0
dx
∫∞
0
dτ is allowed again.
At last, since the integral
∫∞
0
dxF (τ, x) has an inte-
grable singularity at τ = 0, to prove the interchanging∫ A
0
dτ
∫∞
0
dx =
∫∞
0
dx
∫ A
0
dτ we should change a vari-
able τ → 1/τ . Obtained integrals converge uniformly
as well.
From Eq. (38), one can see that the self-interaction
potential energy depends on the dimensionless param-
eter µρ only. In order to demonstrate this dependence
in the explicit form, we should consider the integral in
(38) on the complex plane,
U(ρ) =
U0
piµρb
Re
∞∫
0
dz coth
z
b
· 1− e
2iµρ sinh z
sinh z
, (39)
and change the path of integration. The new con-
tour consists of two parts: first, the half-line Im z =
pi/2, Re z ≤ 0, and second, the segment of the imag-
inary axis Im z ∈ (0;pi/2); meanwhile, the poles z =
pibni of the function coth z/b (n is integer and less than
1/2b) and the point z = 0 should be excluded.
After some routine calculations we obtain (38) in
the new, more convenient form,
U(ρ)
U0
= 1 +
1
µρ
[1/2b]∑
n=1
1− e−2µρ sinpibn
sinpibn
− sin
pi
b
pibµρ
∞∫
0
(
1− e−2µρ cosh x)
(cosh 2xb − cos pib )
dx
coshx
. (40)
This relation generalizes the corresponding formulas
from [19] and [20] for the BP electrodynamics. If the
angular defect parameter b = 1/(2N + 1), where N is
nonnegative integer, the last term in (40) vanishes and
this formula reduces to
U(ρ)
U0
= 1 +
1
µρ
N∑
n=1
1− e−2µρ sin pin2N+1
sin pin2N+1
. (41)
5In contrast, if b = 1/(2N) the last term tends to 12µρ (1−
exp(−2µρ)), and the formula (40) transforms to
U(ρ)
U0
= 1 +
1
µρ
N−1∑
n=1
1− e−2µρ sin pin2N
sin pin2N
+
1− e−2µρ
2µρ
.
(42)
When ρ→∞ the function U(ρ) obviously tends to U0,
while at the origin U(0) = U0/b. Plots of the function
U(ρ) for some values of the parameter b are presented in
Fig. 1. Let us consider the formula (40) in two limiting
cases. First, when the angular defect (or the string mass
density) is very small, i.e., for |1−b|  1, Eq. (40) yields
U(ρ)
U0
≈ 1 + (1− b)
2µρ
pi4 −
∞∫
0
e−2µρ cosh xdx
cosh3 x
 . (43)
Second, when µρ  1 the asymptotic behavior of
U(ρ)/U0 is determined by the expression
U(ρ)
U0
≈ 1 + 1
µρ
P (b)− L(µρ, b), (44)
where
P (b) =
[1/2b]∑
n=1
1
sinpibn
− sin
pi
b
pib
∞∫
0
1
(cosh 2xb − cos pib )
dx
coshx
=
1
pi
∞∫
0
dx
sinhx
(
1
b
coth
x
b
− cothx
)
, (45)
and the remainder term L(µρ, b) behaves as follows:
L(µρ, b) ∼

| cot pi2b |
2b
√
pi(µρ)3
e−2µρ, when b > 12 ,
1
2µρ e
−2µρ, when b = 12 ,
1
µρ sinpib
e−2µρ sinpib, when b < 12 .
(46)
FIG. 1: Plots of the self-interaction potential energy U(ρ)
normalized on U0 = µq
2/2. When b > 1, U(ρ) is an in-
creasing function, and the self-force attracts the charge to
the cosmic string, while, when b < 1, U(ρ) is a decreas-
ing function, therefore the charge and the string repel one
another.
The term P (b)/(µρ) in the second form is a standard
renormalized expression for the self-interaction poten-
tial energy [21] in the Maxwell model. In the frame-
work of the BP electrodynamics, we derive it as the
limiting case of the general formula (40) without any
regularization procedure.
Analyzing the obtained function U(ρ) for the self-
interaction energy, we can conclude that if b > 1, the
function U(ρ) is an increasing one, and the self-force
attracts the charge to the cosmic string. In contrast,
when b < 1 the function U(ρ) is a decreasing one, and
in this case repulsion between the charge and the string
occurs.
IV. SELF-INTERACTION ON A CURVED
SPACETIME BACKGROUND: SPHERICAL
SYMMETRY
A. General approach
Let us proceed to the case, when the spacetime is
static and it has the spherical symmetry. For the sake
of simplicity, the metric of this spacetime takes the form
ds2 = dt2 − dr2 −R(r)2 (dθ2 + sin2 θdϕ2) , (47)
where r ∈ [0; +∞) is a radial coordinate, θ ∈ [0;pi]
and ϕ ∈ [0; 2pi] are angular coordinates of the spherical
system. R(r) is a unique undefined metric function.
We will assume that a static charge is placed at the
point (rc, θc, ϕc) of the spacetime. In order to derive
the expression for the self-interaction potential energy
we use the same scheme as it was demonstrated above.
The Green functions G(0)(r, rc) and G
(µ)(r, rc) satisfy
the equations
4G(0)(r, rc) = −δ(r − rc)δ(θ − θc)δ(ϕ− ϕc)
R(r)2 sin θ
, (48)
4G(µ)(r, rc)− µ2G(µ)(r, rc)
= −δ(r − rc)δ(θ − θc)δ(ϕ− ϕc)
R(r)2 sin θ
. (49)
The Laplacian relating to the spacetime metric (47)
takes the form
4Φ = 1
R2
∂r(R
2∂rΦ) +
1
R2 sin θ
∂θ(sin θ∂θΦ)
+
1
R2 sin2 θ
∂2ϕϕΦ. (50)
The solutions to Eqs. (48), (49) can be represented as
follows (see, e.g., [1], p. 120):
G(µ)(r, rc) =
∞∑
n=0
n∑
m=−n
g(0)n (r, rc)Ynm(θ, ϕ)Y
∗
nm(θc, ϕc),
(51)
G(µ)(r, rc) =
∞∑
n=0
n∑
m=−n
g(µ)n (r, rc)Ynm(θ, ϕ)Y
∗
nm(θc, ϕc),
(52)
6where the radial Green functions g
(0)
n and g
(µ)
n satisfy
the equations
g(0)n
′′
+
2R′
R
g(0)n
′ − n(n+ 1)
R2
g(0)n = −
δ(r − rc)
R2
, (53)
g(µ)n
′′
+
2R′
R
g(µ)n
′ −
(
µ2 +
n(n+ 1)
R2
)
g(µ)n
= −δ(r − rc)
R2
, (54)
respectively, Ynm(θ, ϕ) is the spherical function, and
the asterisk denotes complex conjugation. In contrast
with the previous section, here the prime relates to the
derivative with respect to r.
These functions can be written in the following
form (for g
(0)
n we should put µ = 0),
g(µ)n (r, rc) =
{
y
1(µ)
n (r)y
2(µ)
n (rc), r < rc,
y
1(µ)
n (rc)y
2(µ)
n (r), r > rc,
(55)
where y
1(µ)
n (r) and y
2(µ)
n (r) are the solutions of the cor-
responding homogeneous equation
y′′n +
2R′
R
y′n −
(
µ2 +
n(n+ 1)
R2
)
yn = 0, (56)
which are regular at r = 0 and at r = ∞, respectively,
and normalized by their Wronskian
W
(
y1(µ)n (r), y
2(µ)
n (r)
)
= − 1
R(r)2
. (57)
For the metric (47) we have u0 = 1 (see (16)) and
the self-interaction energy formula gives
U(rc) =
q2
2
∞∑
n=0
(2n+ 1)
(
y1(0)n (rc)y
2(0)
n (rc)
− y1(µ)n (rc)y2(µ)n (rc)
)
. (58)
It is easy to see this function depends only on the radial
coordinate of the charge position rc.
B. Global monopole spacetime
Let us fix again the metric function R(r). As an
example we consider the spacetime of a global monopole
spacetime, for which
R(r) = br, (59)
where b is a positive parameter related to the scale char-
acterizing spontaneous symmetry breaking. In the case
b = 1 we deal again with the standard Minkowski space-
time. When b 6= 1 this spacetime possesses the conic
singularity at the origin and it is not locally flat. From
this point of view, the parameter b determines a defect
of solid angle.
In this case, solutions to the homogeneous equa-
tion (56), regular at r = 0 (y
1(0)
n and y
1(µ)
n ) or at r =∞
(y
2(0)
n and y
2(µ)
n ), and obeying the condition (57) take
the form
y1(0)n (r) =
rNn(b)/2b√
Nn(b)br
, (60)
y1(µ)n (r) =
INn(b)
2b
(µr)
b
√
r
, (61)
y2(0)n (r) =
r−Nn(b)/2b√
Nn(b)br
, (62)
y2(µ)n (r) =
KNn(b)
2b
(µr)
b
√
r
, (63)
where Nn(b) =
√
(2n+ 1)2 + b2 − 1. Substituting
these functions into (58), we obtain the self-interaction
energy expression (normalized to U0)
U(r)
U0
=
1
µrb
∞∑
n=0
(2n+ 1)
Nn(b)
×
{
1− Nn(b)
b
INn(b)
2b
(µr) KNn(b)
2b
(µr)
}
. (64)
Applying the identity [17]
1− 2νIν(x)Kν(x) = 2x
∞∫
0
dt e−2νt cosh tJ1(2x sinh t),
(65)
we can transform (64) into the second form
U(r)
U0
=
2
b
∞∫
0
dt cosh t · J1(2µr sinh t)
×
{ ∞∑
n=0
(2n+ 1)
Nn(b)
exp
(
−Nn(b)t
b
)}
. (66)
It is worth noting again that in Eq. (66) we have
switched integration and summation,
∞∫
0
dt
∞∑
n=0
Fn(t) =
∞∑
n=0
∞∫
0
dtFn(t),
where
Fn(t) = cosh t J1(2µr sinh t)
(2n+ 1)
Nn(b)
exp
(
−Nn(b)t
b
)
.
First, the swapping
∫∞
A
dt
∑
n =
∑
n
∫∞
A
dt is allowed,
because the integral
∫∞
A
dtFn(t) and the series
∑
n Fn(t)
converge uniformly for n ≥ 0 and t > A > 0, respec-
tively. Second, since at x → 0 we have Fn(t) > 0,
there exists a region in the vicinity of the origin (say,
t ∈ [0, A]), where the function Fn(t) is nonnegative and
the swapping
∫ A
0
dt
∑
n =
∑
n
∫ A
0
dt is allowed as well.
When b = 1 one has to obtain U(r) = U0. Indeed,
in this case we have Nn(1) = 2n+ 1,
∞∑
n=0
(2n+ 1)
Nn(1)
exp (−Nn(1)t) =
∞∑
n=0
e−(2n+1)t =
1
2 sinh t
,
7and therefore
U(r)
U0
=
∞∫
0
dt
cosh t
sinh t
· J1(2µr sinh t) = 1. (67)
As a result, we prove the useful identity, which is valid
for any positive x,
∞∑
n=0
{
1− (2n+ 1)In+1/2(x)Kn+1/2(x)
}
= x. (68)
Now, substituting (68) for x = µrb into (64), we can
reconstruct the formula for U(r) in a form that is more
convenient to analyze:
U(r)
U0
= 1 +
1
µrb
∞∑
n=0
(
2n+ 1
Nn(b)
− 1
)
+
1
µrb
∞∑
n=0
(2n+ 1)
{
In+ 12 (µrb) Kn+
1
2
(µrb)
− 1
b
INn(b)
2b
(µr) KNn(b)
2b
(µr)
}
. (69)
Due to the representation (64) one can derive
the value of U(0) at the origin. Since the function
1− 2νIν(x)Kν(x) when x→ 0 behaves as
1− 2νIν(x)Kν(x) ∼

(x
2
)2ν Γ(1− ν)
Γ(1 + ν)
, if ν < 1,
x2
2
ln
2
x
, if ν = 1,
x2
2(ν2 − 1) , if ν > 1,
(70)
the leading order in (64) corresponds to the zeroth term
of the series, i.e.,
U(r)
U0
∼ 1− I1/2(µr)K1/2(µr)
µrb2
∼ 1
b2
. (71)
Thus, the self-interaction energy is finite at the origin as
well as in the case of the cosmic string spacetime. But
now this value is U(0) = U0/b
2. In the general case, we
can apply numerical methods to the plot of the function
U(r). The curves corresponding to various values of the
parameter b are presented in Fig. 2. Analyzing them,
we can conclude that if b > 1, the function U(r) is an
increasing one, and the self-force attracts the charge to
the monopole. In contrast, when b < 1 the function
U(r) is a decreasing one, therefore the charge and the
monopole repel one another.
When the angular defect is very small, i.e., for
|1− b|  1, we have
∞∑
n=0
(
2n+ 1
Nn(b)
− 1
)
∼ pi
2(1− b)
8
, (72)
∞∑
n=0
(2n+ 1)
{
In+ 12 (µrb) Kn+
1
2
(µrb)
− 1
b
INn(b)
2b
(µr) KNn(b)
2b
(µr)
}
∼ (b− 1)
∞∫
0
dtJ0(2µr sinh t)
(
cosh t
sinh2 t
− t
sinh3 t
)
,
(73)
where for the latter expression the formula (36) has
been applied. As a result, the representation (69) gives
U(r)
U0
≈ 1 + (1− b)F (µr),
F (x) =
1
x
pi28 −
∞∫
0
dt J0(2x sinh t)
×
(
cosh t
sinh2 t
− t
sinh3 t
)}
. (74)
The function F (x) is a monotonically decreasing one.
At the origin F (0) = 2, while at infinity F (x) behaves
according to the asymptotic expansion
F (x) ≈ pi
2
8x
−
∞∑
k=1
(2k − 2)!
(2x)2k
(
1
(2k − 1) +
1
(2k + 1)
)
.
(75)
In order to derive the asymptotic formula when
µr  1 for a generic value of b, we should apply the
Abel-Plana summation method to the last term in (69).
In this way, for b > 1 we can rewrite the series as follows
(here we have denoted a2 ≡ b2 − 1):
FIG. 2: Plots of the self-interaction potential energy U(r)
normalized on U0 = µq
2/2 in the case of the static charge
on the global monopole spacetime background. When the
angular defect parameter b > 1, U(r) is an increasing func-
tion, and the self-force attracts the charge to the monopole,
while, when b < 1, U(r) is a decreasing function, therefore
the charge and the monopole repel one another.
8∞∑
n=0
(2n+ 1)
{
In+ 12 (µrb) Kn+
1
2
(µrb)− 1
b
INn(b)
2b
(µr) KNn(b)
2b
(µr)
}
= b
∞∫
0
dxx Re Iix/2(µr) Kix/2(µr)
[
1
exp(pix) + 1
− 1
exp(pi
√
b2x2 + a2) + 1
]
+
a2
2b
1∫
0
x Iax/2b(µr)Kax/2b(µr) tanh
(
pia
√
1− x2
2
)
dx. (76)
When b < 1 the analytic continuation of this expression
should be done. Further, substituting the asymptotic
expansion for the product of the Bessel functions [22],
I ν
2
(z)K ν
2
(z) ≈ 1
2z
− 1
2
ν2 − 1
(2z)3
+
1 · 3
2 · 4
(ν2 − 1)(ν2 − 9)
(2z)5
+ . . . , (77)
we obtain
U(r)
U0
= 1 +
1
µrb
∞∑
n=0
(
2n+ 1
Nn(b)
− 1
)
− (1− b
2)
6(µrb)2
− (1− b
4)
60(µrb)4
− (4 + 21b
2 − 25b6)
840(µrb)6
+ . . . . (78)
Here the second term is a standard renormalized ex-
pression for the self-interacting energy in the Maxwell
model [23]. The next term, which can be indicated as
essentially a BP one, decreases as r−2, in contrast with
the previous, axially symmetric case.
V. CONCLUSION
In this work, we have considered the higher deriva-
tive Bopp-Podolsky electrodynamics on the curved
spacetime background. In the framework of this model,
we have studied the self-interaction potential energy of
the static charge for two specific cases. In the first case,
the background is the static axially symmetric space-
time of a straight thin cosmic string defined by the
metric (18), while the second case relates to the global
gravitating monopole. The latter spacetime is a static
spherically symmetric one with the metric (47).
For both configurations we have obtained exact ex-
pressions for the self-interaction energy (see (38), (40)
for the cosmic string case and (64), (66), (69) for the
monopole case), which have been written down using in-
tegral and series representations and have been depicted
in Figs. 1 and 2. Let us emphasize some properties of
these expressions:
1. Due to the symmetry of the spacetimes under con-
sideration, self-interaction energy U depends on a
radial coordinate only.
2. Both of these spacetimes possess angular defects
and therefore they have singularities at the ori-
gin. In spite of this, the self-interaction energy
expressions appear to be finite everywhere, even
on the spacetime singularity. The self-force ex-
pression remains ill-defined at the origin, because
the function U is not smooth there.
3. At infinity the energy value tends to U0 = µq
2/2,
i.e., to the value of the self-interaction energy in
the Minkowski spacetime.
4. When the angular defect parameter b > 1,
the self-interaction energy U is an increasing
function of a radial coordinate, and the self-
force attracts the charge to the string or to the
monopole, respectively. When b < 1, U is a de-
creasing function, therefore the charge and the
string/monopole repulse one another. If b = 1
we have no topological defects and the spacetime
returns to the Minkowski one. In this case, the
self-interaction is constant and equal to U0.
5. The parameter µ of the Bopp-Podolsky model
is included into formulas for the normalized self-
interaction energy U/U0 only as a scale factor in
front of the radial coordinate (see (39), (40) and
(64), (66), (69)).
6. The formal limit Ureg = limµ→∞(U − U0) re-
produces the standard results for the regularized
self-interaction energy in the framework of the
Maxwell electrodynamics (see [21] and [23]):
Ureg(ρ) =
q2
2piρ
∞∫
0
dx
sinhx
(
1
b
coth
x
b
− cothx
)
for the cosmic string spacetime and
Ureg(r) =
q2
2rb
∞∑
n=0
(
2n+ 1√
(2n+ 1)2 + b2 − 1 − 1
)
for the global monopole spacetime, respectively.
7. For the case of the global monopole, the remain-
der term U −U0−Ureg, which can be indicated as
essentially a Bopp-Podolsky one, behaves as r−2
(see (78)). It decreases very slowly in comparison
with the cosmic string case, for which the remain-
der term drops exponentially (see (46)).
Thus, these examples examined in the present paper
demonstrate that the self-interaction energy is regu-
lar for the static point charge in curved spacetimes,
9at least, for spacetimes with a simple casual struc-
ture. It certainly would be interesting to apply our
approach to a spacetime with horizons, for instance, to
the Schwarzschild spacetime, and generalize the results
obtained in [24].
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